Solutions Homework 3 by Alberici, Diego
HOMEWORK 3, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 10/07/2015, due 10/14/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Consider the function f(x) =
√
x− 1.
a) Compute the derivative of f at the point x = 3 using the definition, namely computing the limit of
the difference quotient.
b) Compute the derivative f ′(x) using of the differentiation rules.
Solution:
a) Compute the limit of the difference quotient by rationalisation of the square root:
f(x)− f(3)
x− 3 =
√
x− 1−√2
x− 3 =
(
√
x− 1−√2) (√x− 1 +√2)
(x− 3) (√x− 1 +√2) =
(x− 1)− 2
(x − 3) (√x− 1 +√2) =
1√
x− 1 +√2 −−−→x→3
1
2
√
2
Hence f ′(3) =
1
2
√
2
.
b) f(x) = (x− 1)1/2, hence
f ′(x) =
1
2
(x − 1) 12−1 = 1
2
(x − 1)− 12 = 1
2
√
x− 1 .
Exercise 2
Consider the function f(x) =
√
x + 1
x2 + 1
.
a) Compute the derivative of f at the point x = 0 using the definition, namely computing the limit of
the difference quotient.
b) Write the equation of the line which is tangent to the graph of f at the point x = 0.
Solution:
a) Compute the limit of the difference quotient by rationalisation of the square root:
f(x)− f(0)
x− 0 =
√
x + 1
x2 + 1
− 1
x
=
√
x+ 1− (x2 + 1)
x(x2 + 1)
=
(x + 1)− (x2 + 1)2
x(x2 + 1)(
√
x + 1 + x2 + 1)
=
x + 1− x4 − 2x2 − 1
x(x2 + 1)(
√
x + 1 + x2 + 1)
=
1− x3 − 2x
(x2 + 1)(
√
x + 1 + x2 + 1)
−−−→
x→0
1
2
Hence f ′(0) =
1
2
.
b) y − f(0) = f ′(0) (x− 0), namely y = 1
2
x + 1.
1
Exercise 3
Consider the function f(x) =
√
x + 3x2
1 +
√
x
.
a) Compute f ′(x) using the differentiation rules. (Hint : remember the rule to differentiate a composition
of functions)
Solution:
a)
f ′(x) =
1
2
√
x + 3x2
1 +
√
x
(1 + 6x)(1 +
√
x)− (x + 3x2) 1
2
√
x
(1 +
√
x)2
Exercise 4
Consider the curve C of equation x
2
2
+
y2
3
= 1.
a) Write the equation of the line which is tangent to C at the point (1,
√
3
2
).
b) Write the equation of the line which is tangent to C at the point (√2, 0).
Solution:
a) Close to the point (1,
√
3
2
) the curve C is locally the graph of a function of x. The derivative of this
implicit function y = y(x) can be found by differentiating the equation of C with respect to x:
d
dx
(
x2
2
+
y(x)2
3
)
= 0 ⇐⇒ 2x
2
+
2yy′
3
= 0 ⇐⇒ y′ = −3x
2y
.
In particular y′(1) = − 3 · 1
2 ·
√
3
2
= −
√
3
2
. Therefore the equation of the tangent to C at the point (1,
√
3
2
)
is:
y −
√
3
2
= −
√
3
2
(x− 1) .
b) Close to the point (
√
2, 0) the curve C is locally the graph of a function of y. The derivative of this
implicit function x = x(y) can be found by differentiating the equation of C with respect to y:
d
dy
(
x(y)2
2
+
y2
3
)
= 0 ⇐⇒ 2xx
′
2
+
2y
3
= 0 ⇐⇒ x′ = −2y
3x
.
In particular x′(0) = − 2 · 0
3 · √2 = 0. Therefore the equation of the tangent to C at the point (0,
√
2) is:
x−
√
2 = 0 (y − 0) , namey x =
√
2 .
2
